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We propose an incident direction independent wave propagation generated by properly assembling
different unidirectional destructive interferences (UDIs), which is a consequence of the appropriate
match between synthetic magnetic fluxes and the incident wave vector. Single-direction lasing at
spectral singularity is feasible without introducing nonlinearity. UDI allows unidirectional lasing
and unidirectional perfect absorption; when they are combined in a parity-time symmetric manner,
the spectral singularities vanish with bounded reflections and transmissions. Furthermore, the
simultaneous unidirectional lasing and perfect absorption for incidences from opposite directions is
created. Our findings provide insights into light control and may shed light on the explorations of
desirable functionality in fundamental research and practical applications.
Introduction.—Parity-time (PT ) symmetry has been
theoretically and experimentally investigated in a variety
of non-Hermitian systems [1–22], non-Hermiticity con-
trols the exact and broken PT -symmetric phases [18–22].
The phase transition points are exceptional points [23–
27] utilized for sensing enhancement [13, 28, 30–32].
The topologies of exceptional points are distinct [33–
37]. Spectral singularities (SS) in scattering systems be-
long to another type of non-Hermitian singularities, at
which eigenstate completeness is spoiled [38, 39]; inci-
dent waves from opposite directions at an appropriate
phase match are perfectly absorbed in a coherent perfect
absorber [3, 40, 41, 43–48].
Non-Hermitian character causes unidirectionality [4, 5,
49, 52–54], the fundamental mechanism of which differs
from that created by chiral light-matter interaction [55–
59]. Typical phenomena include unidirectional reflec-
tionlessness [4, 49] and unidirectional spectral singular-
ity that allows unidirectional perfect absorption (UPA)
and unidirectional lasing (UL) [5, 52]; however, the
transmissions there protected by symmetry are recipro-
cal [1, 2, 9, 61]. Nonreciprocal transmission is indispens-
able for optical information processing. Nonreciproc-
ity, implemented via magneto-optic effect [64] and op-
tical nonlinearity [65], has been created based on various
strategies in linear and magnetic-free devices [66, 67], in
single-photon level [68, 69], and even in acoustics [70].
Benefitted from synthetic magnetic flux realized for pho-
tons [71–79] and progress in non-Hermitian physics [22],
non-Hermiticity associated with synthetic magnetic flux
induces nonreciprocal transmission in linear photonic lat-
tices [80–82].
In this Letter, we propose an incident direction in-
dependent wave propagation, which is an extraordinary
asymmetry in both reflectivity and transmittivity that
stemmed from the unidirectional destructive interference
(UDI); single-direction lasing occurs at the SS, where
an incidence from either side induces a UL toward the
same direction. The appropriate match between syn-
thetic magnetic fluxes in different functional UDIs creates
many intriguing unidirectional phenomena beyond one-
way propagation, UPA, and UL [82]. With judiciously
chosen synthetic magnetic fluxes, detunings, and the gain
or loss of side-coupled resonators, the SS exhibits UPA or
UL; their coincidence leads to an SS elimination under
PT symmetry. Furthermore, a simultaneous unidirec-
tional lasing and perfect absorption for incidences from
opposite sides is feasible by assembling different unidi-
rectional elements. These novel wave propagation phe-
nomena facilitate various applications of non-Hermitian
metamaterials without introducing nonlinearity [83–86].
Model.—We consider a one-dimensional uniformly cou-
pled passive resonator chain in Fig. 1(a) with identical
resonant frequency ωc; the primary resonators (round-
shaped) are evanescently coupled through the auxil-
iary resonators (stadium-shaped), which are antireso-
nant with the primary resonators. The coupling strength
J = 1 is set to be unity. A resonator is side-coupled
to the resonator chain with one asymmetric coupling,
which is introduced through the optical path length dif-
ference 2∆x in the tunneling between resonators α and
0 [76]. An extra direction-dependent phase factor e±iφα
is equivalently induced in the effective coupling between
resonators α and 0, resulting in a synthetic magnetic flux
φα = 2pi∆x/λ ≡ (−e/~)
∮
~Aα · d~l in the triangle that as-
sociated with a vector potential ~Aα [73, 74, 79], where λ
is the resonant wavelength [77]. The resonators support
the counterclockwise (CCW) and clockwise (CW) modes,
they experience opposite synthetic magnetic fluxes. The
CCW mode is analyzed without loss of generality, the
CW mode is discussed as well.
The frequency detuning (net gain or loss) of resonator
α is represented by the real (imaginary) part of Vα. The
loss is the dissipation ωc/(2Qα) caused by the interac-
tion between resonator α and its environment, where Qα
is the quality factor. The gain is induced by pumping
the ions doped in the resonator [14, 20]. Assuming a
weak pump that far away from gain saturation with white
noise [87, 88], both processes are Markovian and charac-
terized by Lindblad master equation [89, 90], where the
gain and loss are modeled by constants [5, 14, 20, 91, 92].
We consider an ideal case of resonators with negligible
backscattering [93]. In the coupled-mode theory [6, 7],
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2FIG. 1. (a) Schematic of uniform resonator chain with one
side-coupled resonator, ωα = ωc + Vα. The blue and green
arrows indicate the optical path lengths for counterclockwise
mode (black arrow) photons tunneling between resonators in
opposite directions. (b) Right-UPA: right perfect absorption
and left resonant transmission. (c) Left-UPA: left perfect ab-
sorption and right resonant transmission. The upper panels
illustrate UPA configurations with opposite synthetic mag-
netic fluxes, k is the incident wave vector and Vα = −eik;
the central panels illustrate destructive interference at the
side-coupled resonator α from one incident direction; and the
lower panels illustrate perfect absorption from the opposite
incident direction, the dotted line indicates the equivalently
decoupled part. (d) Schematic of uniform resonator chain
with two side-coupled resonators. j is the resonator index,
ωα,0,β = ωc + Vα,0,β .
the equation of motion for resonators j 6= −1, 0, and α
in the system illustrated in Fig. 1(a) is
i
dψj
dt
= ωcψj − ψj−1 − ψj+1, (1)
otherwise,
i
dψ−1
dt
= ωcψ−1 − ψ−2 − ψ0 − ψα, (2)
i
dψα
dt
= (ωc + Vα)ψα − ψ−1 − e−iφαψ0, (3)
i
dψ0
dt
= ωcψ0 − ψ−1 − ψ1 − eiφαψα, (4)
where ψj = fje
−iωt is the field amplitude and fj is the
steady-state wave function of resonator j in the elastic
scattering process with fj = Ae
ikj + Be−ikj (j < 0)
and fj = Ce
ikj + De−ikj (j > 0). k ∈ [−pi, pi] is
the dimensionless Bloch wave vector [1, 2, 5, 80]. The
resonator chain supported dispersion relation is ω =
ωc− 2J cos k [5, 76], a resonant incidence with frequency
ωc has the wave vector k = pi/2.
Unidirectional destructive interference.—Synthetic
magnetic flux affects the interference, breaks the system
symmetry and the reciprocity of transmission [93]. When
synthetic magnetic flux matches the incident wave vector
φα = pi± k, incidences from both sides are reflectionless.
The side-coupled resonator α is equivalently isolated
for the left (right) incidence because of the destructive
interference induced by φα = pi + k (φα = pi − k); the
wave function at resonator α is zero. For the right (left)
incidence, the wave function of resonator α does not
vanish, it varies according to Vα and affects the right
(left) transmission.
The reflection and transmission coefficients are rL =
B/A, tL = C/A for the left incidence (D = 0); and rR =
C/D, tR = B/D for the right incidence (A = 0). The
scattering matrix characterizes the relationship between
input and output [9, 48]
(
B
C
)
= S
(
A
D
)
. (5)
Here, the scattering matrix is asymmetric [93]
S =
(
rL tR
tL rR
)
=
(
0
(
eik + Vα
)
/
(
e−ik + Vα
)
1 0
)
, (6)
induced by the asymmetric coupling. In Hermitian sys-
tems (real Vα), the transmittivity is |tL|2 = |tR|2 = 1;
fα vanishes for the left incidence, but is nonzero for the
right incidence. In non-Hermitian systems (complex Vα),
the transmittivity is asymmetric, |tL|2 6= |tR|2.
At φα = pi + k, the scattering of left incidence with
wave vector k is fixed even though Vα varies; the perfect
absorption occurs for the right incidence when Vα = −eik
[Fig. 1(b)]; in contrast to an isolator [9], the scattering
matrix S =
(
0 0
1 0
)
is for the CCW mode and its trans-
pose ST is for the CW mode [93]. The wave function
for the right incidence consists of an incoming wave that
is completely absorbed at resonator α without reflection,
i.e., fj = 0 (j < 0), fj = e
−ikj (j > 0), and fα = −1;
rL = rR = tR = 0 and |tL| = 1, behaving similarly in
a coupled helical waveguide design [80] but differently in
the transmissionless-UPA [52]. When the synthetic mag-
netic flux is opposite φα = pi − k, the wave function is a
left-right mirror reflection of that at φα = pi + k, where
resonator α is isolated for the right incidence [Fig. 1(c)].
A right-UPA for the CCW mode is a left-UPA for the
CW mode, UPA realizes chiral mode isolation [64–66].
UL occurs at Vα = −e−ik when tR diverges [5, 38,
96], where resonator α has an equal amount of gain in
contrast to the UPA. The wave function for the right
incidence consists of an outgoing wave that satisfies the
boundary condition of lasing without any injection, i.e.,
fj = e
−ikj (j < 0), fj = 0 (j > 0), and fα = 1.
Incident direction independent wave propagation.—
UDI facilitates the design of optical control devices, lead-
ing to an isolation of side-coupled resonator in one inci-
dent direction and providing an opportunity to unidirec-
tionally manipulate the waves. When assembling one
more side-coupled resonator, the cooperation between
synthetic magnetic fluxes in UDIs enriches the intrigu-
ing asymmetric dynamics [82].
The equations of motion for the configuration of two
3side-coupled resonators [Fig. 1(d)] are Eqs. (15-17) and
i
dψ0
dt
= (ωc + V0)ψ0 − ψ−1 − ψ1 − eiφαψα − eiφβψβ ,(7)
i
dψβ
dt
= (ωc + Vβ)ψβ − ψ1 − e−iφβψ0, (8)
i
dψ1
dt
= ωcψ1 − ψ0 − ψ2 − ψβ , (9)
where the real (imaginary) parts of Vβ and V0 represent
the frequency detunings (net gains or losses) of resonators
β and 0, respectively.
At fixed synthetic magnetic fluxes φα = φβ = pi + k,
Figs. 2(a) and 2(b) illustrate the wave propagation for
opposite incidences. In Fig. 2(a), the wave resonantly
transmits at resonator α because of the destructive inter-
ference. Then, the transmitted wave is scattered at res-
onator 0, corresponding reflection and transmission coef-
ficients are r0 = V0/(2i sin k − V0) and t0 = r0 + 1 [97].
The reflected portion (cyan arrow) passes through res-
onator α from the right side without reflection (green
arrow) and forms the left reflection; the transmitted por-
tion (purple arrow) passes through resonator β from the
left side without reflection (red arrow) and forms the left
transmission. The green (red) arrow represents the re-
flectionless transmission modulated by resonator α (β).
The reflection and transmission coefficients are [93]:
rL = r0
eik + Vα
e−ik + Vα
, tL = t0
eik + Vβ
e−ik + Vβ
; (10)
rR = r0
eik + Vβ
e−ik + Vβ
, tR = t0
eik + Vα
e−ik + Vα
. (11)
The synthetic magnetic fluxes allow that the propa-
gating waves in the left (right) chain after scattering are
Vβ(α) independent, regardless of the incident direction.
This enables an incident direction independent wave
propagation when |r0| = |t0| (requiring |2 sin k/V0| = 1):
the left reflectivity and transmittivity equal to the right
transmittivity and reflectivity, respectively.
|rL|2 = |tR|2 , |tL|2 = |rR|2 . (12)
The left- and right-going propagating wave intensities
after scattering are identical for incidences impinging
from both directions and are separately tuned by Vα and
Vβ , respectively. The wave impinging from either direc-
tion is equally divided at resonator 0 with |r0| = |t0| =√
1/ (2− 2 sinϕ) when V0 = 2eiϕ sin k.
The incident direction independent wave propagation
occurs at
φα = φβ = pi + k, V0 = 2e
iϕ sin k. (13)
Resonator β (α) being Vβ(α) = −eik induces a perfect
absorption of the right- (left-) going propagating wave,
except that the system is at the SS when V0 = 2i sin k,
where lasing is bidirectional; or when Vα(β) = −e−ik,
FIG. 2. (a, b) Schematic of the incident direction independent
wave propagation. (c, d) Simulations of single-direction lasing
at Vα = −e−ik, Vβ = −eik in Fig. 1(d). The Gaussian wave
packet is |Ψ (0, j)〉 = (√pi/σ)−1/2∑j e−(σ2/2)(j−Nc)2eikcj |j〉,
centered at Nc, where kc = pi/3 is the wave vector, σ = 0.1,
and j is the resonator index. The resonator chain is cut at
j = ±100. The blue curves in (c, d) depict the wave intensities
P (j) = |Ψ (t, j) |2 at time t = 60/J . Other parameters are
φα = φβ = pi + k, V0 = −2i sin k, and k = pi/3.
where the lasing is unidirectional toward the left (right)
and the propagating wave in the right (left) chain van-
ishes after scattering, e.g., UL occurs when Vα = −e−ik,
Vβ = −eik, and V0 = −2i sin k; the lasing wave is emitted
from the left chain, independent of the incident direction;
and the right-going propagating wave vanishes, being ab-
sorbed at resonator β. The reflection and transmission
coefficients satisfy
|rL| = |tR| → ∞, tL = rR = 0. (14)
The wave function is fj = e
−ikj (j < 0), fj = 0 (j > 0),
fα = 1, and fβ = 0; consisting of the outgoing wave
in the left chain. For an incidence from either direc-
tion, the lasing wave is emitted in a single direction:
leftward. The simulation of single-direction lasing is de-
picted in Figs. 2(c) and 2(d). A Gaussian wave packet
excites the wave emission, characterized by a Gaussian
error function and its intensity increases linearly [10]. At
V0 = 2i sin k, lasing is bidirectional when Vα,β 6= −eik;
the wave emission is symmetric if Vα,β is real, but asym-
metric if complex Vα 6= Vβ ; when Vα(β) = −eik, the wave
emission is absorbed at resonator α (β) and the lasing be-
comes unidirectional with vanishing emission toward the
left (right). When Vα = Vβ = −e−ik, lasing is bidirec-
tional and V0 controls the asymmetry of lasing amplitude.
Another intriguing application is the one-way prop-
agation at Vα = − cos k + 3±1i sin k, Vβ = −eik, and
V0 = −2i sin k previously designed using different strate-
gies [82–84], rectifying waves with |rL| = |tR| = 1 and
tL = rR = 0.
For V0 = 0, the scattering is both sides reflectionless
when Vα,β 6= −e−ik. The left (right) transmission de-
pends on Vβ(α). When Vα = Vβ = −e−ik, the trans-
mission coefficients diverge with finite reflections. When
Vα = Vβ = −eik, the system completely absorbs the in-
cidence from either direction without reflection. When
4FIG. 3. Density plots of (a) |rL|, (b) |tL|, and (c) |tR| as
functions of φα and φβ . rR = 0 for |φα| 6= 2pi/3; (d) |tL| (|tR|)
for φα = −2pi/3 (2pi/3) and |rR| at when rL diverges. Solid
white (dashed yellow) lines indicate the divergence (zero) at
the SS. SS coincide with unity values at the marked points in
(b, c). Color bars are all in (c), |rL| and |tL,R| are cut to 5.
The parameters are Vα = −e−ipi/3, Vβ = −eipi/3, V0 = 0, and
the incident wave vector is k = pi/3.
Vα = −e−ik and Vβ = −eik, UL occurs with |rL| = 1,
tL = rR = 0, and |tR| → ∞ (square in Fig. 3).
PT -symmetric side-coupled resonators.—UPA and UL
form a Hermitian conjugation pair. Their SS coincide
and vanish at series connection of the two structures in a
PT -symmetric manner. The wave emission is absorbed
and leaves finite scattering intensities.
Figure 3 depicts |rL,R| and |tL,R| for k = pi/3 [93].
|φα(β)| = 2pi/3 produces a wave emission (absorption).
|rL| = 1 at |φβ | = 2pi/3 and |rL| → ∞ at |φα| = 2pi/3
and |φβ | 6= 2pi/3 [Fig. 3(a)]. Vβ = −eik results in f0 = 0
for the right incidence except when rL diverges; conse-
quently, rR = 0. Figures 3(b) and 3(c) depict |tL| and
|tR|. |tL| diverges at φα = 2pi/3, vanishes at φβ = −2pi/3,
and becomes unity at φα = 2pi/3 and φβ = −2pi/3,
where the SS of the side-coupled structures coincide. Fig-
ure 3(d) depicts the scattering coefficients at |φα| = 2pi/3
(rL divergence), implied by the dash-dotted blue line [|tL|
in Fig. 3(b)] and solid red line [|tR| in Fig. 3(c)]. At
φα + φβ = 0, the system is PT -symmetric; the scat-
tering coefficients converge when φα = −φβ = ±2pi/3.
PT symmetry ensures that the persistent wave emission
from resonator α is directly absorbed at resonator β and
forms a unity transmittivity. The scattering coefficients
satisfy |rL| = |tL| = |tR| = 1, |rR| = 0 and the SS van-
ishes. At φα = φβ = 2pi/3, a persistent right-going wave
emission for the left incidence and a perfect absorption
for the right incidence occur: |rL| = 1, |tL| → ∞, and
rR = tR = 0. At φα = φβ = −2pi/3, a persistent left-
going wave emission for the right incidence and a full
reflection for the left incidence occur [93].
Simultaneous unidirectional lasing and perfect
absorption.—UPA prevents the backward flow without
affecting the forward propagation, which is a versatile
building block for light manipulation. Series combina-
tion of several UPAs and ULs enables more intriguing
asymmetric phenomena (Fig. 4).
Connecting a right-UPA on the left side of the two
side-coupled resonators in the situation marked by the
magenta circle in Fig. 3, the finite left reflection from the
right two side-coupled resonators is perfectly absorbed;
FIG. 4. Snapshots of the wave intensities and schematics
of the equivalent systems for (a-f) transmissionless and (g-i)
reflectionless unidirectional lasing and perfect absorption for
a Gaussian wave packet of σ = 0.1, kc = pi/3. The arrows
indicate the phase directions with values inside, k = pi/3.
consequently, a reflectionless left incident unidirectional
lasing and right incident perfect absorption [Figs. 4(a)
and 4(b)] is achieved in the configuration of Fig. 4(c). If
all the synthetic magnetic fluxes in Fig. 4(c) are opposite,
which correspond to the configuration experienced by the
CW mode [Fig. 4(f)], the dynamics switch between the
left and right incidences in contrast to the CCW mode
[Figs. 4(d) and 4(e)]. Unidirectional lasing of different
modes are toward opposite directions. Simultaneously
exciting the CCW and CW modes in the left (right) side,
the CCW (CW) mode induces a unidirectional lasing to-
ward the right (left) side and the CW (CCW) mode is
perfectly absorbed.
Connecting two right-UPAs on the right side of a
single-direction lasing [Figs. 2(c) and 2(d)] to form the
configuration shown in Fig. 4(i), the right incidence is
perfectly absorbed before inducing a unidirectional las-
ing, resulting in a transmissionless left incident unidi-
rectional lasing and right incident perfect absorption
[Figs. 4(g) and 4(h)]. The CW mode experiences oppo-
site synthetic magnetic fluxes, a left incident bidirectional
lasing and right incident perfect absorption is realized by
the left two side-coupled resonators [93] and the right two
right-UPAs change into left-UPAs, which perfectly ab-
sorbing the right-going lasing. Notably, both the CCW
and CW modes possess identical dynamical phenomena.
Discussion.—In summary, the bidirectional reflection-
less as a desirable feature of UDI allows scalable com-
bination of unidirectional dynamics, properly assembling
distinct UDIs enriches the unidirectionality. The incident
direction independent wave propagation is proposed, in-
cluding the unidirectional lasing toward single definite di-
rection and the one-way propagation. The simultaneous
unidirectional lasing and perfect absorption is allowed.
Our findings are applicable in optical waveguides [80].
The imperfections in the resonator as defects and sur-
face roughness result in backscattering [12, 14, 100],
5which induces a mode coupling and mixes the CCW
and CW modes [14]. The backscattering results in
mode interchanging and is unfavourable for the desir-
able unidirectional functionalities [102]. Directional cou-
plers can be used to reduce the influence of backscatter-
ing [103]. As shown in the Supplementary Material [93],
UPA absorbs one mode without affecting the other mode,
which helps preventing the unwanted backscattering in-
duced mode accumulation in one side; moreover, the
performances of UPA, single-direction lasing, and trans-
missionless unidirectional lasing and perfect absorption
remain good at weak backscattering. Alternatively,
the backscattering is a useful resource for optical sens-
ing [13, 28, 31].
Synthetic magnetic flux has been realized in quantum
regime [58, 79, 104], it would be interesting to investigate
the unidirectionality in quantum dots, cold-atoms, or
trapped-ions in the frameworks of non-Hermitian physics
and chiral quantum optics [55–59]. Our findings open up
new directions for designing novel lasers and optical con-
trol devices including but not limited to laser, absorber,
rectifier, isolator, and modulator in a variety of areas in
optics and beyond.
This work was supported by NSFC (Grant No.
11605094) and Tianjin Natural Science Foundation
(Grant No. 16JCYBJC40800).
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Reciprocity of scattering coefficients
The reciprocity of transmission or reflection (tL = tR or rL = rR) is protected by the system symmetry [1, 2]. For a
scattering system of Hamiltonian H, under the notations of the parity operator P and the time-reversal operator T ,
the system is parity symmetric when PHP−1 = H, the system is time-reversal symmetric when T HT −1 = H, and
the system is parity-time (PT ) symmetric when (PT )H(PT )−1 = H. The parity symmetry leads to both reciprocal
transmission and reflection (tL = tR and rL = rR). For a system that satisfies T HT −1 = H†, the system transmission
is reciprocal (tL = tR); in contrast, the PT -symmetry leads to symmetric transmission amplitude (|tL| = |tR|).
For the Hermitian system H = H†, the time-reversal symmetry indicates T HT −1 = H = H†, thus the system
transmission is reciprocal (tL = tR). For the non-Hermitian system, T HT −1 = H† is satisfied in the PT -symmetric
systems that possessing gain/loss and the Hermitian symmetric couplings, where reciprocal transmissions (tL = tR) are
observed [3–5]; other PT -symmetric non-Hermitian systems may satisfy T HT −1 = H†. In this Letter, the synthetic
magnetic flux induced by the asymmetric coupling for unidirectional destructive interference as shown in Fig. 1(a)
(Fig. 5) breaks the parity symmetry and leads to T HT −1 6= H†, where we notice a nonreciprocal transmission
(tL 6= tR) from the scattering matrix S even if the system is Hermitian with real Vα.
Scattering coefficients of resonator chain with one side-coupled resonator
The unidirectional destructive interference is valid under unequal coupling strengths between the side-coupling and
the uniform coupling of the resonator chain. We consider resonator α side-coupled to the uniform resonator chain as
schematically illustrated in Figs. 5(a) and 5(b), and resonator 0 is on resonance with other resonators in the chain.
The resonator chain has a uniform coupling J , the two side-couplings are g and ge±iφα . The special case of g = J is
presented in the Letter, a general case is considered here.
In the coupled-mode theory [6, 7], the equation of motion for the resonator j 6= −1, 0, and α in the system illustrated
in Fig. 5(a) is
i
dψj
dt
= ωcψj − Jψj−1 − Jψj+1, (15)
and the equations of motion for all the other resonators j = −1, 0, and α are
i
dψ−1
dt
= ωcψ−1 − Jψ−2 − Jψ0 − gψα, (16)
i
dψα
dt
= (ωc + Vα)ψα − gψ−1 − ge−iφαψ0, (17)
i
dψ0
dt
= ωcψ0 − Jψ−1 − Jψ1 − geiφαψα, (18)
where ωc = 2pic/λ is the resonator frequency with λ the wavelength and c the light velocity in vacuum. For the
dimensionless Bloch wave vector k, the dispersion relation supported by the resonator chain is ω = ωc − 2J cos k
and the field amplitude is ψj = fje
−iωt. We obtain the equations of motion for the resonators j = −1, 0 and α at
steady-state as
ωf−1 = ωcf−1 − Jf−2 − Jf0 − gfα, (19)
ωfα = (ωc + Vα) fα − gf−1 − ge−iφαf0, (20)
ωf0 = ωcf0 − Jf−1 − Jf1 − geiφαfα. (21)
The steady-state wave functions are in the form of fj = Ae
ikj + Be−ikj (j < 0) and fj = Ceikj + De−ikj (j > 0)
for the resonator j in the elastic scattering process. Thus, the wave functions of resonators j = 0, ±1, ±2 are
f−2 = Ae−2ik +Be2ik, f−1 = Ae−ik +Beik, f0 = C +D, f1 = Ceik +De−ik, and f2 = Ce2ik +De−2ik. Substituting
8the wave functions and the dispersion relation into Eqs. (19-21), the coefficients in the steady-state wave functions
satisfy (−e−ik − eik) (Ae−ik +Beik) = − (Ae−2ik +Be2ik)− (C +D)− g
J
fα, (22)(
−e−ik − eik − Vα
J
)
fα = − g
J
(
Ae−ik +Beik
)− g
J
e−iφα (C +D) , (23)(−e−ik − eik) (C +D) = − (Ae−ik +Beik)− (Ceik +De−ik)− g
J
eiφαfα. (24)
After eliminating fα, the coefficients satisfy(
e−ik + eik +
Vα
J
)
(A+B − C −D)− g
2
J2
(
Ae−ik +Beik
)− g2
J2
e−iφα (C +D) = 0, (25)(
Ae−ik +Beik
)
+ eiφα (A+B − C −D)− (Ce−ik +Deik) = 0. (26)
FIG. 5. Unidirectional perfect absorption. (a, c) Right-UPA. (b, d) Left-UPA. The upper panels illustrate side-coupled
configurations with distinct synthetic magnetic fluxes. The values of φα and φβ for the unidirectional perfect absorption are
marked on the top of the schematics. j is the resonator index, k is the incident wave vector, and Vα = (g
2/J)e−ik − 2J cos k.
The central panels illustrate the destructive interference from one incident direction and the lower panels illustrate the perfect
absorption from the opposite incident direction. The wave functions and side-couplings are shown inside the red rectangles,
the phase directions in the side-couplings are indicated. The dotted lines indicate the equivalently decoupled part.
As schematically illustrated in Fig. 5(a), the synthetic magnetic flux is φα = pi + k [8]. Thus, equations (25, 26)
reduce to (
e−ik + eik +
Vα
J
)
(A+B)− g
2
J2
(
Ae−ik +Beik
)− (e−ik + eik + Vα
J
− g
2
J2
e−ik
)
(C +D) = 0, (27)
(A− C) (e−ik − eik) = 0. (28)
For the left incidence (D = 0); substituting D = 0 into Eqs. (27, 28), we obtain B = 0 and C = A. Therefore,
rL = B/A = 0 and tL = C/A = 1. For the right incidence (A = 0); substituting A = 0 into Eqs. (25, 26), we obtain
9C = 0 and (
e−ik +
Vα
J
+ eik − g
2
J2
eik
)
B =
(
eik +
Vα
J
+ e−ik − g
2
J2
e−ik
)
D. (29)
Therefore, rR = C/D = 0 and
tR =
B
D
=
J2eik + JVα +
(
J2 − g2) e−ik
J2e−ik + JVα + (J2 − g2) eik . (30)
The scattering is reflectionless for the incidences from both sides. At g = J = 1, the scattering matrix [9] reduces to
S =
(
rL tR
tL rR
)
=
(
0
J2eik+JVα+(J2−g2)e−ik
J2e−ik+JVα+(J2−g2)eik
1 0
)
=
(
0 e
ik+Vα
e−ik+Vα
1 0
)
. (31)
In Fig. 5, the steady-state wave functions are listed for the destructive interference in the middle panels and for
the perfect absorption in the lower panels inside the red rectangles. The direction dependent asymmetric couplings
are shown with the phase directions indicated by the arrows. The validity of steady-state wave functions can be
directly checked in the equations of motion. For example, in the middle panel of Fig. 5(a), the contributions from
resonators −1 and 0 (wave functions multiple the corresponding couplings) cancel each other at resonator α, leading
to a completely destructive interference; thus, resonator α is equivalently isolated; in the lower panel of Fig. 5(a),
the left-going wave does not pass through resonator α, the nonvanishing wave function of resonator α results in a
wave absorption and the contributions from resonators α and 0 (wave functions multiple the corresponding couplings)
cancel at resonator −1, then the left half (j < 0) of the resonator chain is equivalently decoupled.
As schematically illustrated in Fig. 5(b), the synthetic magnetic flux is φα = pi−k. Thus, equations (25, 26) reduce
to (
e−ik + eik +
Vα
J
)
(A+B)− g
2
J2
(
Ae−ik +Beik
)− (e−ik + eik + Vα
J
− g
2
J2
eik
)
(C +D) = 0, (32)
(B −D) (eik − e−ik) = 0. (33)
Similarly, the reflection and transmission coefficients are calculated from Eqs. (32, 33). For the left incidence (D = 0),
we obtain B = 0 and (
e−ik + eik +
Vα
J
− g
2
J2
eik
)
C =
(
e−ik + eik +
Vα
J
− g
2
J2
e−ik
)
A. (34)
Therefore, rL = B/A = 0 and
tL =
C
A
=
J2eik + JVα +
(
J2 − g2) e−ik
J2e−ik + JVα + (J2 − g2) eik . (35)
For the right incidence (A = 0); we have C = 0 and B = D. Therefore, rR = C/D = 0 and tR = B/D = 1. At
g = J = 1, the scattering matrix reduces to
S =
(
rL tR
tL rR
)
=
(
0 1
J2eik+JVα+(J2−g2)e−ik
J2e−ik+JVα+(J2−g2)eik 0
)
=
(
0 1
eik+Vα
e−ik+Vα
0
)
. (36)
Figures 5(a) and 5(b) are the situations that the asymmetric coupling is on the right side of the triangular structure.
Figs. 5(c) and 5(d) are the situations that the asymmetric coupling is on the left side of the triangular structure. The
structures shown in Figs. 5(c) and 5(d) are the left-right mirror reflection (indicated by the blue dotted line) of that
shown in Figs. 5(b) and 5(a), respectively. This can be recognized after substituting the resonator indexes β → α and
j → −j.
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Scattering coefficients of resonator chain with two side-coupled resonators
We consider equal coupling g = J = 1 in the Letter. The equations of motion [Eqs. (2, 3, 7, 8, 9) in the Letter] at
steady-state reduce to
ωf−1 = ωcf−1 − f−2 − f0 − fα, (37)
ωfα = (ωc + Vα) fα − f−1 − e−iφαf0, (38)
ωf0 = (ωc + V0) f0 − f−1 − f1 − eiφαfα − eiφβfβ , (39)
ωfβ = (ωc + Vβ) fβ − f1 − e−iφβf0, (40)
ωf1 = ωcf1 − f0 − f2 − fβ . (41)
The steady-state wave functions are in form of fj = Ae
ikj + Be−ikj (j < 0) and fj = Ceikj + De−ikj (j > 0) for
the resonator j. Substituting the wave functions f−2 = Ae−2ik + Be2ik, f−1 = Ae−ik + Beik, f1 = Ceik + De−ik,
f2 = Ce
2ik +De−2ik, and the dispersion relation ω = ωc − 2 cos k into Eqs. (37-41), we obtain(−e−ik − eik) (Ae−ik +Beik) = − (Ae−2ik +Be2ik)− f0 − fα, (42)(−e−ik − eik − Vα) fα = − (Ae−ik +Beik)− e−iφαf0, (43)(−e−ik − eik − V0) f0 = − (Ae−ik +Beik)− (Ceik +De−ik)− eiφαfα − eiφβfβ , (44)(−e−ik − eik − Vβ) fβ = − (Ceik +De−ik)− e−iφβf0, (45)(−e−ik − eik) (Ceik +De−ik) = −f0 − (Ce2ik +De−2ik)− fβ . (46)
After simplification, we have
fα = A+B − f0, (47)(
eik + Vα
)
A+
(
e−ik + Vα
)
B =
(
e−ik + eik + Vα + e−iφα
)
f0, (48)(
e−ik + eiφα
)
A+
(
eik + eiφα
)
B +
(
eik + eiφβ
)
C +
(
e−ik + eiφβ
)
D =
(
e−ik + eik + V0 + eiφα + eiφβ
)
f0, (49)(
e−ik + Vβ
)
C +
(
eik + Vβ
)
D =
(
e−ik + eik + Vβ + e−iφβ
)
f0, (50)
fβ = C +D − f0. (51)
For the left incidence (D = 0), we obtain the left reflection coefficient rL = B/A and the left transmission coefficient
tL = C/A,
rL =
(eik+Vα)[(eiφα+e−ik+V0)(e−ik+Vβ)−(eik+e−iφβ )(eiφβ+eik)]−(e−ik+eik+Vα+e−iφα)(e−ik+Vβ)(eiφα+e−ik)
(e−ik+Vα)[(eik+e−iφβ )(eiφβ+eik)−(eiφα+e−ik+V0)(e−ik+Vβ)]+(e−ik+eik+Vα+e−iφα )(e−ik+Vβ)(eiφα+eik)
,
tL =
(e−ik+Vβ+eik+e−iφβ )[(eik+Vα)(eiφα+eik)−(e−ik+Vα)(eiφα+e−ik)]
(e−ik+Vα)[(eik+e−iφβ )(eiφβ+eik)−(e−ik+V0+eiφα )(e−ik+Vβ)]+(e−ik+eik+Vα+e−iφα )(e−ik+Vβ)(eiφα+eik)
.
(52)
For the right incidence (A = 0), we obtain the right reflection coefficient rR = C/D and the right transmission
coefficient tR = B/D,
rR =
(eik+Vβ)[(eiφβ+e−ik+V0)(e−ik+Vα)−(eik+e−iφα)(eik+eiφα)]−(e−ik+eik+Vβ+e−iφβ )(e−ik+Vα)(e−ik+eiφβ )
(e−ik+Vβ)[(eik+e−iφα )(eik+eiφα )−(e−ik+Vα)(eiφβ+e−ik+V0)]+(e−ik+eik+Vβ+e−iφβ )(e−ik+Vα)(eik+eiφβ )
,
tR =
(e−ik+eik+Vα+e−iφα)[(eik+eiφβ )(eik+Vβ)−(e−ik+eiφβ )(e−ik+Vβ)]
(e−ik+Vβ)[(eik+eiφα )(eik+e−iφα )−(e−ik+Vα)(eiφβ+e−ik+V0)]+(e−ik+eik+Vβ+e−iφβ )(e−ik+Vα)(eik+eiφβ )
.
(53)
The interference is clear when the system is not at spectral singularities. In the case of eik + e−iφβ = 0, rL and tL
are irrelevant to Vβ , the side-coupled resonator β is isolated due to the destructive interference for the left incidence;
thus, the scattering is only affected by Vα and V0. On the contrary, when e
ik + e−iφα = 0, resonator α is isolated for
the right incidence and rR and tR are irrelevant to Vα. When e
ik+eiφβ = 0, rL and tR are Vβ irrelevant. This indicates
that Vβ does not affect the left-going waves (for incidence from either side). Similarly, when e
ik + eiφα = 0, tL and
rR are Vα irrelevant; Vα does not affect the right-going waves (for incidence from either side). Different matches of
the synthetic magnetic fluxes result in different influences of the side-coupled resonators.
In the combination of eik + eiφα = 0 and eik + eiφβ = 0, e.g., φα = φβ = pi + k, the left reflection and right
transmission coefficients (the left-going waves) are Vβ irrelevant; the left transmission and right reflection coefficients
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(the right-going waves) are Vα irrelevant. The reflection and transmission coefficients reduce to
rL =
− (eik + Vα)V0
(e−ik + Vα) (eiφα + e−ik + V0)
, tL =
(
eik + Vβ
) (
eiφα + e−ik
)
(e−ik + V0 + eiφα) (e−ik + Vβ)
, (54)
rR =
− (eik + Vβ)V0
(e−ik + Vβ) (eiφβ + e−ik + V0)
, tR =
(
eik + Vα
) (
e−ik + eiφβ
)
(e−ik + Vα) (eiφβ + e−ik + V0)
. (55)
One-way propagation occurs at Vα = − cos k + 3±1i sin k, Vβ = −eik, and V0 = −2i sin k. Resonator α tunes the
amplitude of the left-going propagating wave; resonator β absorbs the right-going propagating wave. The wave is
either completely left reflected or completely right transmitted, i.e., |rL| = |tR| = 1 and tL = rR = 0. Notably, the
one-way propagation can be realized in another way by assembling one more side-coupled resonator. For example,
assembling the unidirectional perfect absorption structure of left perfect absorption and right resonant transmission
[left-UPA in Fig. 5(b) or 5(d)] on the right side of the PT -symmetric two side-coupled structure in the situations of
Fig. 6(a) or 6(d) in section C enables the one-way propagation. A single-direction lasing occurs at φα = φβ = pi + k,
Vα = −e−ik, V0 = −2i sin k, and Vβ = −eik.
In the combination of eik + e−iφα = 0 and eik + e−iφβ = 0, e.g., φα = φβ = pi − k, the left (right) reflection and
transmission coefficients are Vβ(α) irrelevant. The reflection and transmission coefficients reduce to
rL =
(
eik + Vα
)
V0
(e−ik + Vα) (eiφα + eik − V0) , tL =
(
eik + Vα
) (
eiφα + eik
)
(e−ik + Vα) (eiφα + eik − V0) , (56)
rR =
(
eik + Vβ
)
V0
(e−ik + Vβ) (eik + eiφβ − V0) , tR =
(
eik + Vβ
) (
eik + eiφβ
)
(e−ik + Vβ) (eik + eiφβ − V0) . (57)
In practice, this case reveals the dynamics of the CW mode when the CCW mode experienced the synthetic magnetic
fluxes φα = φβ = pi + k in the system. A simultaneous left incident bidirectional lasing and right incident perfect
absorption occurs at φα = φβ = pi − k, Vα = −e−ik, V0 = −2i sin k, and Vβ = −eik.
Scattering coefficients of PT -symmetric resonator chain with two side-coupled resonators
We consider equal coupling g = J = 1 in the Letter, the situation of PT -symmetric resonator chain is discussed
in this section. Resonator 0 is on resonance with other resonators in the chain (V0 = 0), the side-coupled resonators
are PT -symmetric, Vα = −e−ik and Vβ = −eik. Substituting the wave functions f−2 = Ae−2ik + Be2ik, f−1 =
Ae−ik + Beik, f1 = Ceik + De−ik and f2 = Ce2ik + De−2ik, and the dispersion relation ω = ωc − 2 cos k into the
equations of motion at steady-state [Eqs. (37-41)], we have
fα = A+B − f0, (58)(
eik + e−ik + Vα
)
fα =
(
Ae−ik +Beik
)
+ e−iφαf0, (59)(
eik + e−ik
)
f0 =
(
Ae−ik +Beik
)
+
(
Ceik +De−ik
)
+ eiφαfα + e
iφβfβ , (60)(
eik + e−ik + Vβ
)
fβ =
(
Ceik +De−ik
)
+ e−iφβf0, (61)
fβ = C +D − f0, (62)
after simplification, we obtain(
eik + Vα
)
A+
(
e−ik + Vα
)
B =
(
eik + e−ik + Vα + e−iφα
)
f0, (63)(
eik + e−ik + eiφα + eiφβ
)
f0 =
(
e−ik + eiφα
)
A+
(
eik + eiφα
)
B +
(
eik + eiφβ
)
C +
(
e−ik + eiφβ
)
D, (64)(
e−ik + Vβ
)
C +
(
eik + Vβ
)
D =
(
eik + e−ik + Vβ + e−iφβ
)
f0. (65)
For the left incidence (D = 0), we obtain rL = B/A and tL = C/A as
rL =
(
e−ik + eiφα
) (eik+e−ik+Vα+e−iφα)(e−ik+Vβ)
(eik+e−ik+Vβ+e−iφβ )
−
[
(eik+e−ik+eiφα+eiφβ )(e−ik+Vβ)
(eik+e−ik+Vβ+e−iφβ )
− (eik + eiφβ)] (eik + Vα)[
(eik+e−ik+eiφα+eiφβ )(e−ik+Vβ)
(eik+e−ik+Vβ+e−iφβ )
− (eik + eiφβ )
]
(e−ik + Vα)− (eik + eiφα) (eik+e−ik+Vα+e−iφα )(e−ik+Vβ)(eik+e−ik+Vβ+e−iφβ )
,(66)
tL =
[(
e−ik + eiφα
)− (eik + eiφα) (eik+Vα)
(e−ik+Vα)
] (
e−ik + Vα
)
[
(eik+e−ik+eiφα+eiφβ )(e−ik+Vβ)
(eik+e−ik+Vβ+e−iφβ )
− (eik + eiφβ )
]
(e−ik + Vα)− (eik + eiφα) (eik+e−ik+Vα+e−iφα )(e−ik+Vβ)(eik+e−ik+Vβ+e−iφβ )
. (67)
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For the right incidence (A = 0), we obtain rR = C/D and tR = B/D as
rR =
(eik+e−ik+Vβ+e−iφβ )(e−ik+Vα)
(eik+e−ik+Vα+e−iφα )
(
e−ik + eiφβ
)− [ (eik+e−ik+eiφα+eiφβ )(e−ik+Vα)
(eik+e−ik+Vα+e−iφα )
− (eik + eiφα)] (eik + Vβ)[
(eik+e−ik+eiφα+eiφβ )(e−ik+Vα)
(eik+e−ik+Vα+e−iφα )
− (eik + eiφα)
]
(e−ik + Vβ)− (e
ik+e−ik+Vβ+e
−iφβ )(e−ik+Vα)
(eik+e−ik+Vα+e−iφα )
(eik + eiφβ )
,(68)
tR =
[(
e−ik + eiφβ
)− (eik + eiφβ) (eik+Vβ)
(e−ik+Vβ)
] (
e−ik + Vβ
)
[
(eik+e−ik+eiφα+eiφβ )(e−ik+Vα)
(eik+e−ik+Vα+e−iφα )
− (eik + eiφα)
]
(e−ik + Vβ)− (e
ik+e−ik+Vβ+e
−iφβ )(e−ik+Vα)
(eik+e−ik+Vα+e−iφα )
(eik + eiφβ )
. (69)
After substituting Vα = −e−ik and Vβ = −eik into the expressions, we obtain the scattering coefficients rL, tL, rR,
and tR after simplification.
The left reflection coefficient rL diverges at φα = pi±k when φβ 6= pi±k. At rL divergence of φα = pi+k, we obtain
tR →∞ and
tL = −
(
eik − e−ik)2 (e−ik + e−iφβ)
2
(
cos k + cosφβ − 4i sin3 k
) , (70)
rR =
e−2ik (cosφβ + cos k)
cosφβ + cos k − 4i sin3 k
. (71)
At rL divergence of φα = pi − k, we obtain tL →∞ and
tR = −
(
eik − e−ik)2 (e−ik + eiφβ)
2
(
cos k + cosφβ − 4i sin3 k
) , (72)
rR =
e−2ik (cosφβ + cos k)
cosφβ + cos k − 4i sin3 k
. (73)
Notice that rR are identical for rL divergence at φα = pi ± k.
For φα = pi±k and φβ = pi±k. The scattering coefficients {rL, tL, rR, tR} are {−1, 1, 0,−1} at (a) φα = pi+k, φβ =
pi − k; {−1,∞, 0, 0} at (b) φα = pi − k, φβ = pi − k; {−1, 0, 0,∞} at (c) φα = pi + k, φβ = pi + k; and {−1,−1, 0, 1} at
(d) φα = pi − k, φβ = pi + k. The dynamics are illustrated in Fig. 6.
We can also directly substitute Vα = −e−ik and Vβ = −eik into the equations of motion at steady-state [Eqs. (37-
41)], the calculation of the scattering coefficients is more concise (however, the scattering coefficients at rL divergence
can not be obtained in this way). We can obtain
fα = A+B − f0, (74)
eikfα =
(
Ae−ik +Beik
)
+ e−iφαf0, (75)(
eik + e−ik
)
f0 =
(
Ae−ik +Beik
)
+
(
Ceik +De−ik
)
+ eiφαfα + e
iφβfβ , (76)
e−ikfβ =
(
Ceik +De−ik
)
+ e−iφβf0, (77)
fβ = C +D − f0, (78)
then, the scattering coefficients when rL does not diverge (φα 6= pi ± k) can be calculated as follows. For the left
incidence (D = 0), we obtain
rL =
B
A
=
(
eik + eiφβ
) (
eik + e−iφβ
)− (e−ik + eiφα) (e−ik + e−iφα)
(eiφα + eik) (e−iφα + eik)
, (79)
tL =
C
A
= −e
−iφβ + e−ik
e−iφα + eik
. (80)
For the right incidence (A = 0), we obtain
rR =
C
D
= 0, (81)
tR =
B
D
= −e
iφβ + e−ik
eiφα + eik
. (82)
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The coefficients acquired are in accord with Eqs. (66-69).
We perform the time evolution of a Gaussian wave packet to demonstrate the scattering dynamics, the uniformly
coupled resonator chain is cut at the resonators −100 and 100. The Gaussian wave packet used in the simulations is
|Ψ (0, j)〉 = (√pi/σ)−1/2
∑
j
e−(σ
2/2)(j−Nc)2eikcj |j〉 , (83)
centered at Nc with wave vector kc, and σ characterizes its width. j is the resonator index and |j〉 is the basis of the
resonator chain.
The dynamics at special cases of |φα| = 2pi/3 and |φβ | = 2pi/3 are depicted in Fig. 6. Synthetic magnetic flux at
φα = −2pi/3 (2pi/3) produces a left-going (right-going) wave emission [Fig. 7]; synthetic magnetic flux at φβ = −2pi/3
(2pi/3) realizes a right-going (left-going) wave absorption [Fig. 5]. In Figs. 6(a) and 6(d), the whole scattering system
is PT -symmetric. The unidirectional spectral singularities for wave emission and wave absorption coincide. PT
symmetry ensures that the persistently emitted waves from resonator α are directly absorbed at resonator β and form
a unity transmittivity. The transmittivity is symmetric |tL|2 = |tR|2 = 1, and the spectral singularities vanish. The
snapshots presented in Figs. 6(a) and 6(d) are similar: the transmittivity and reflectivity for the left incidence are
both unity; the transmittivity is unity and reflectivity is zero for the right incidence. However, the modal amplitude
diverges at resonator 0 when φα = 2pi/3 and φβ = −2pi/3, which is imprinted from the bright line at resonator 0 after
scattering in Fig. 6(d). In addition, the difference of the synthetic magnetic fluxes results in a relative phase difference
pi for the transmitted waves after scattering between the left and right incidences; however, the reflection coefficients
have the same phase. One-way propagation is again realized through assembling one more side-coupled resonator.
Connecting a unidirectional perfect absorption structure of left perfect absorption and right resonant transmission
[left-UPA in Fig. 5(b) or 5(d)] on the right side of the PT -symmetric two side-coupled resonators at the situation
shown in Fig. 6(a) or 6(d), the one-way propagation is realized as mentioned in section B.
Figure 6(b) illustrates a persistent right-going wave emission (unidirectional lasing) for a left incidence and perfect
absorption for a right incidence. Additional unidirectional perfect absorption structure of right perfect absorption and
left resonant transmission [right-UPA in Fig. 5(a) or 5(c)] on the left side of the two side-coupled resonators absorbs
the left-going waves; therefore, the unity left reflection is perfectly absorbed, and the reflectionless left incident
unidirectional lasing and right incident perfect absorption is created as shown in Figs. 4(a) and 4(b) in the Letter.
The persistent wave emissions are characterized by a Gaussian error function [10].
Figure 6(c) illustrates a persistent left-going wave emission for a right incidence and a full reflection for a left
FIG. 6. Snapshots of the Gaussian wave packet dynamics for the left and right incidences at (a) φα = −φβ = −2pi/3, (b)
φα = φβ = 2pi/3, (c) φα = φβ = −2pi/3, and (d) φα = −φβ = 2pi/3. They correspond to the triangle, circle, square, and
diamond marked in Fig. 3(a) in the Letter. The parameters are Vα = −e−ipi/3, Vβ = −eipi/3, and V0 = 0. The Gaussian wave
packet with σ = 0.1 has wave vector kc = pi/3 in the simulations. ||Ψ (t, j)〉|2 is depicted.
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incidence; therefore, additional unidirectional perfect absorption structure of left perfect absorption and right resonant
transmission [left-UPA in Fig. 5(b) or 5(d)] on the left side of the two side-coupled resonators absorbs the left incidence,
and the reflectionless right incident unidirectional lasing and left incident perfect absorption is created as shown in
Figs. 4(d) and 4(e) in the Letter.
The scattering coefficients rL,R tL,R virtually share identical denominator, but their numerators are distinct. The
system is at spectral singularities when the denominator goes to zero, provided that the numerator does not vanish.
When the denominator and the numerator vanish simultaneously, the coefficients are obtained by calculating the
limitation of expressions as wave vector k approaches the divergent wave vector. The transmission and reflection
coefficients do not diverge and the spectral singularities vanish.
Left bidirectional lasing and right perfect absorption
The influences of the side-coupled resonators α, β vary as the synthetic magnetic fluxes at different matches. To
demonstrate the phenomenon of bidirectional lasing from one side and perfect absorption from the other side, we first
show the unidirectional lasing performed in a Hermitian conjugation system of the unidirectional perfect absorption
illustrated in Figs. 5(a) and 5(b). The dynamics for the left and right incidences are depicted in Figs. 7(a) and 7(b),
respectively. The schematics of the Hermitian conjugation systems of unidirectional perfect absorption are illustrated
in Fig. 7(c). Notice that the unidirectional lasing is toward opposite directions for the opposite incidences.
FIG. 7. (a, b) Snapshots of the Gaussian wave packet dynamics of a unidirectional lasing at φα = −2pi/3 and φα = 2pi/3 for
the upper and lower panels, respectively. (c) Schematic of the system with parameters Vα = −e−ipi/3, k = pi/3. The Gaussian
wave packet with σ = 0.1 has wave vector kc = pi/3 in the simulations. ||Ψ (t, j)〉|2 is depicted.
FIG. 8. Snapshots of the Gaussian wave packet dynamics for the (a) left and (b) right incidences at φα = φβ = 2pi/3. (c)
Schematic of the system with parameters Vα = −e−ipi/3, Vβ = −eipi/3, and V0 = −2i sin (pi/3), k = pi/3. The Gaussian wave
packet with σ = 0.1 has wave vector kc = pi/3 in the simulations. ||Ψ (t, j)〉|2 is depicted.
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In Fig. 8, the chosen synthetic magnetic fluxes are opposite as the situation of a single-direction lasing for the CCW
mode [Figs. 2(c) and 2(d) in the Letter], and other system parameters are unchanged. That is φα = φβ = pi − k,
Vα = −e−ik, V0 = −2i sin k, and Vβ = −eik; these characterize the CW mode in the system when the CCW mode
is at single-direction lasing. The phenomenon of bidirectional lasing for incidence from one direction and perfect
absorption for incidence from the other direction is simulated for a Gaussian wave packet excitation. For a left
incidence, a right-going unidirectional lasing is generated at the gain resonator α [lower panel of Fig. 7(a)]; which
is scattered at resonator 0 with half reflected and half transmitted. The half reflected unidirectional lasing passes
through resonator α from the right side with unity transmittivity [lower panel of Fig. 7(b)] and forms the left-going
wave emission; the half transmitted unidirectional lasing resonantly passes through resonator β from its left side and
forms the right-going wave emission; therefore, a symmetric bidirectional lasing is created for the left incidence. For a
right incidence, the Gaussian wave packet is perfectly absorbed without reflection. At φα = φβ = pi− k, Vα = −e−ik,
and Vβ = −eik, the bidirectional lasing for the left incidence is tuned by V0 and becomes unidirectional at V0 = 0 as
depicted in Fig. 6(b).
Wave propagation dynamics in the presence of backscattering
The surface roughness and defects in the resonator induce backscattering between the CCW and CW modes [11–13],
which results in a mode coupling and an intensity interchange between two modes. For the unidirectional perfect
absorption structure in Fig. 5(a), the equations of motion in the presence of backscattering for the resonators j < −1
and j > 0 in the chain are revised to
i
dψCCW,j
dt
= ωcψCCW,j − JψCCW,j−1 − JψCCW,j+1 − κjψCW,j , (84)
and
i
dψCW,j
dt
= ωcψCW,j − JψCW,j−1 − JψCW,j+1 − κjψCCW,j , (85)
where ψCCW,j and ψCW,j are the mode amplitudes of the CCW and CW modes in the resonator j, respectively. The
coupling between the CCW and CW modes of the resonator j is κj [14]. The equations of motion for other resonators
j = −1, 0, and α are
i
dψCCW,−1
dt
= ωcψCCW,−1 − JψCCW,−2 − JψCCW,0 − gψCCW,α − κ−1ψCW,−1, (86)
i
dψCCW,α
dt
= (ωc + Vα)ψCCW,α − gJψCCW,−1 − ge−iφαψCCW,0 − καψCW,α, (87)
i
dψCCW,0
dt
= ωcψCCW,0 − JψCCW,−1 − JψCCW,1 − geiφαψCCW,α − κ0ψCW,0, (88)
and
i
dψCW,−1
dt
= ωcψCW,−1 − JψCW,−2 − JψCW,0 − gψCW,α − κ−1ψCCW,−1, (89)
i
dψCW,α
dt
= (ωc + Vα)ψCW,α − gJψCW,−1 − ge−iφαψCW,0 − καψCCW,α, (90)
i
dψCW,0
dt
= ωcψCW,0 − JψCW,−1 − JψCW,1 − geiφαψCW,α − κ0ψCCW,0. (91)
In the simulations shown below, the side-coupling is set g = J = 1 as that in the Letter. The time evolution
intensity ||Ψ (t, j)〉|2 of an initial Gaussian excitation |Ψ (0, j)〉 = (√pi/σ)−1/2∑j e−(σ2/2)(j−Nc)2eikcj |j〉 is depicted, σ
characterizes its width. The initial Gaussian wave packet CCW mode excitation is centered at Nc with wave vector kc,
the velocity of the Gaussian wave packet is 2J sin (kc). The mode coupling between the CCW and CW modes results
in an intensity interchange between these two modes in the wave propagation process, which can be characterized by
an intensity breathing [15].
In Figs. 9(a) and 9(b), the dynamics of a unidirectional perfect absorption are depicted in the presence of backscat-
tering. Schematic of an equivalent configuration is shown in Fig. 9(c). At weak mode coupling (0 6 κj 6 0.01J), the
unidirectional perfect absorption performed for the CCW mode excitation remains good.
In Figs. 9(d) and 9(e), the coupling between the CCW and CW modes in each resonator is randomly chosen within
the region 0 6 κj 6 0.1J . A deviation from an ideal unidirectional perfect absorption is noticed. For a left incident
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FIG. 9. (a, b, d, e) Snapshots of the intensity of a unidirectional perfect absorption. The upper (lower) panels are for the CCW
(CW) mode. The initial excitation is the CCW mode Gaussian wave packet with σ = 0.1 and wave vector kc = pi/3. The red
arrows indicate the incidences. (c) Schematic of the system in the presence of backscattering, the coupling between the CCW
and CW modes is indicated by the dotted blue lines. The system parameters are marked, Vα = −e−ik, k = pi/3. The phase
direction of the coupling is indicated by the arrows in the triangular structures, the values of opposite synthetic magnetic fluxes
experienced by the CCW and CW modes are marked. (f) Cartoon of the wave propagation in the presence of backscattering.
(g, h) Snapshots of the intensity of a supermode unidirectional perfect absorption, the parameters are identical with that in
(d, e). The upper (lower) panels are for the symmetric (antisymmetric) supermode + (−). (i) Schematic of the system in the
supermode basis, φα = pi+k. The green (cyan) circles indicate the symmetric (antisymmetric) supermode basis with frequency
ωc − κj (ωc + κj). In the simulations, each κj is randomly chosen within [0, 0.01J ] in (a, b), within [0, 0.1J ] in (d, e, g, h), and
J = 1; the wave propagation dynamics are averaged over 103 sample systems. Notice that the initial intensities in both the
upper and lower panels of (g, h) are half that in the upper panels of (a, b).
CCW mode excitation [Fig. 9(d)], a CW mode Gaussian wave packet is formed with an identical velocity of the
CCW mode when it propagates toward resonator α; the CCW mode wave packet resonantly transmits at resonator
α, but the CW mode wave packet is perfectly absorbed as predicted by Eq. (31). After the CCW mode wave packet
resonantly passing through resonator α, the CW mode is formed once again through the mode coupling (i.e., mode
intensity breathing). Similarly, for a right incident CCW mode excitation [Fig. 9(e)], the incident left-going CCW
mode wave packet is perfectly absorbed at resonator α; the backscattering induced CW mode wave packet resonantly
passes through resonator α from the right side to the left side, which transfers into the CCW mode after scattering.
These dynamical processes are schematically illustrated in Fig. 9(f), where the red arrows represent the CCW mode
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excitations, the blue double-arrows represent the interchange between the CCW and CW modes, and the green arrows
represent the CW mode formed through mode coupling in the wave propagation process of the CCW mode excitation.
The mode coupling κj mixes the CCW and CW modes in the resonator j, results in the frequency shift and mode
splitting [13], and creates symmetric and antisymmetric supermodes |j,±〉 = (|j,CCW〉 ± |j,CW〉) /√2 with resonant
frequencies ωc ∓ κj [14], respectively. Fig. 9(i) is a schematic of the unidirectional perfect absorption structure of
Fig. 9(c) after applied a uniform transformation, the new basis is the supermodes instead of the CCW and CW
modes. The supermode splitting 2κ (if assuming a constant mode coupling κ = κj) indicates that the mode coupling
induced intensity breathing has a period of T = pi/κ [15]. We can roughly estimate the condition of obtaining a good
performance unidirectional perfect absorption, which is approximately
Nc/[J sin (kc)] T. (92)
For kc = pi/3 and Nc = 50, we have κ  piJ sin (kc) /Nc ≈ 0.05J . Notice that the parameters in Figs. 9(a) and 9(b)
satisfy this condition.
The intensities of the CCW and CW modes | |Ψ (t, j)〉CCW |2, | |Ψ (t, j)〉CW |2 are depicted in Figs. 9(d) and 9(e),
notice that the breathing period approaches the propagating time (T ≈ 63/J and Nc/[J sin (kc)] ≈ 58/J). Corre-
spondingly, the intensities of the supermodes | (|Ψ (t, j)〉CCW ± |Ψ (t, j)〉CW) /
√
2|2 are depicted in Figs. 9(g) and 9(h).
An interesting phenomenon occurs in this situation: both the symmetric and antisymmetric supermodes are left in-
cident perfect absorption and right incident resonant transmission. This is a consequence of the proper match of the
mode coupling and the wave propagating time and can be understand as follows. In Fig. 9(d), it is noticed that when
the CCW mode wave packet reaches resonator α, it is completely changed into the CW mode due to the proper
match of mode interchange and the wave packet propagating time; then the CW mode is perfectly absorbed at res-
onator α. The UPA absorbs the CW mode without affecting the CCW mode, which helps preventing the unwanted
backscattering induced CW mode accumulation in the left side. This results in the left perfect absorption for both
the symmetric and antisymmetric supermodes as shown in Fig. 9(g). The right incident CCW mode is completely
changed into the CW mode when the wave packet reaches resonator α, and then escapes from being absorbed; the
CW mode formed resonantly passes through resonator α and then changes back into the CCW mode as shown in
Fig. 9(e). In this process, the right incident CCW mode is almost not affected by resonator α; therefore, both the
symmetric and antisymmetric mode incidences resonantly transmit at resonator α as shown in Fig. 9(h). Here, the
unidirectional perfect absorber acts similarly as an isolator for the supermodes.
FIG. 10. (a, b) Snapshots of the intensity of a single-direction lasing. The upper (lower) panels are for the CCW (CW) mode.
The initial excitation is the CCW mode Gaussian wave packet with σ = 0.1 and wave vector kc = pi/3. The red arrows indicate
the incidences. (c) Schematic of the system in the presence of backscattering, the coupling between the CCW and CW modes
is indicated by the dotted blue lines. The system parameters are marked, k = pi/3. The coupling phase direction is indicated
by the arrows in the triangular structures, which reflect the opposite synthetic magnetic fluxes that experienced by the CCW
and CW modes. In the simulations, each κj is randomly chosen within [0, 0.01J ], J = 1; the wave propagation dynamics are
averaged over 103 sample systems.
In the presence of backscattering, the equations of motion for the systems with more side-coupled resonators are
similarly extended with an additional term characterizing the coupling between the CCW and CW modes in each
equation. In Figs. 10(a) and 10(b), the dynamics of a single-direction lasing for the CCW mode excitation is performed
at weak mode coupling (0 6 κj 6 0.01J). Schematic of an equivalent configuration is shown in Fig. 10(c). Notably,
the single-direction lasing depicted in the simulation remains good. The CW mode, formed in the wave propagation
process due to the mode coupling, induces a weak bidirectional lasing (Fig. 8) in the lower panel of Fig. 10(a) for the
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FIG. 11. Snapshots of the intensity of a reflectionless unidirectional lasing and perfect absorption for the incidences from the (a)
left and (b) right. The upper (lower) panels are for the CCW (CW) mode. The initial excitation is the CCW mode Gaussian
wave packet with σ = 0.1 and wave vector kc = pi/3. The red arrows indicate the incidences. (c) Schematic of the system in the
presence of backscattering, the coupling between the CCW and CW modes is indicated by the dotted blue lines. The system
parameters are marked, where k = pi/3. The coupling phase direction is indicated by the arrows in the triangular structures,
indicating the opposite synthetic magnetic fluxes that experienced by the CCW and CW modes. In the simulations, each κj is
randomly chosen within [0, 0.01J ], J = 1; the wave propagation dynamics are averaged over 103 sample systems.
left incident CCW mode excitation, and the CW mode formed in the wave propagation process is perfectly absorbed
for the right incident CCW mode excitation as shown in the lower panel of Fig. 10(b).
In Figs. 11(a) and 11(b), the dynamics of a reflectionless unidirectional lasing and perfect absorption is performed
at weak mode coupling. Schematic of an equivalent configuration is shown in Fig. 11(c). An ideal reflectionless
unidirectional lasing and perfect absorption is depicted in Figs. 4(a-f) of the Letter: a left incident reflectionless
transmission divergence (rL = 0, tL → ∞) and a right incident perfect absorption (rR = tR = 0) for the CCW
mode incidence, and a left incident perfect absorption (rL = tL = 0) and a right incident reflectionless transmission
divergence (rR = 0, tR →∞) for the CW mode incidence. Notably, the reflectionless unidirectional lasing and perfect
absorption is severely affected by the backscattering. This is because that the mode coupling induced weak CW mode
is amplified at the gain resonator after scattering, which is not properly absorbed at the dissipative resonators due
to the mode coupling; in particular, a weak left-going CW mode unidirectional lasing is created for a right incident
CCW mode excitation as illustrated in the lower panel of Fig. 11(b) as predicted in Figs. 4(d-f) of the Letter.
FIG. 12. Snapshots of the intensity of a transmissionless unidirectional lasing and perfect absorption for the incidences from
the (a) left and (b) right. The upper (lower) panels are for the CCW (CW) mode. The initial excitation is the CCW mode of
Gaussian wave packet with σ = 0.1 and wave vector kc = pi/3. The red arrows indicate the incidences. (c) Schematic of the
system in the presence of backscattering, the coupling between the CCW and CW modes is indicated by the dotted blue lines.
The system parameters are marked, V0 = −2i sin (pi/3), k = pi/3. The coupling phase direction is indicated by the arrows in
the triangular structures, which reflect the opposite synthetic magnetic fluxes that experienced by the CCW and CW modes.
In the simulations, each κj is randomly chosen within [0, 0.01J ], J = 1; the wave propagation dynamics are averaged over 10
3
sample systems.
In Figs. 12(a) and 12(b), the dynamics of a transmissionless unidirectional lasing and perfect absorption for the
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CCW mode excitation is performed at weak mode coupling (0 6 κj 6 0.01J). Schematic of an equivalent configuration
is shown in Fig. 12(c). Notably, Fig. 12 reveals a good transmissionless unidirectional lasing and perfect absorption
as depicted in Figs. 4(g-i) of the Letter. Both the CCW and CW modes lead to a simultaneous transmissionless
left incident reflection divergence (tL = 0, rL → ∞) and right incident perfect absorption (rR = tR = 0). The CW
mode formed in the wave propagation process of a left incident CCW mode excitation leads to a weak left-going
unidirectional lasing as depicted in the lower panel of Fig. 12(a). For a right incident CCW mode excitation, both
the left-going CCW mode and the CW mode formed in the wave propagation process due to the mode coupling are
perfectly absorbed as depicted in the lower panel of Fig. 12(b).
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